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Approximations  of  Normal  Range  Revisited  With 
New  Tables  for  and  d^  Factors 

jjc  age 

John  H.  K.  Kao 
Division  of  Management 
Polytechnic  Institute  of  New  York 


Introduction 

MIL-STD-414,  the  sampling  plans  by  variables  has  not  been  revised 
since  its  inception  in  1957,  while  MIL-STD- 105  D,  the  sampling  plans  by 
attributes  has  reached  international  popularity  through  4 revisions. 

Recently  revision  activities  on  MIL-STD-414  have  received  a great  deal  of 
attention.  A British  proposal  BS6002  [ 16]  restored  the  graphical  method 
for  double-specification-limit  case  and  omitted  the  range  method  completely. 
BS6002  was  sent  to  ISO  for  draft  discussion.  The  American  position  is  to  keep 
the  range  plans  and  furthermore  to  devise  a set  of  variables  plans  to  match 
the  OC  curves  of  plans  published  in  MIL-STD-105  D.  This  position  created 
some  technical  difficulties  which  are  under  careful  scrutiny  by  both  industry 
and  government. 

If  the  range  tables  (pp.  61-84  of  MIL-STD-414)  are  to  be  kept,  much 
of  the  entries  (close  to  9000  in  number  ) will  have  to  be  recomputed.  This 
report  indicates  the  reasons  why  this  is  necessary  by  revisiting  the  two 
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approximations  (Patnaik's  and  Cox's)  for  the  normal  range.  Chiefly,  these 
approximations  gave  rise  to  tables  of  four  constants  whose  values  were 
based  upon  d^  and  d^^-factors  of  inadequate  accuracy.  This  report 
publishes  in  its  three  appendices  more  accurate  values  which  will  be  use- 
ful not  only  in  revising  range  table  entries  in  MIL.-STD-414  but  also  useful 
wherever  the  normal  range  is  used  as  an  estimate  of  normal  variability. 

Sample  Range 

When  the  observation  number  n is  not  too  large,  it  is  appropriate 
to  use  the  sample  range,  R = X^nj  - Xj.  ^ as  an  estimate  of  population 
variability  under  the  normal  assumption.  In  control  chart  work  where  the 
subgroup  size  n is  intentionally  kept  small  (in  order  to  avoid  possible 
inclusion  of  process  shifts  within  the  subgroup),  the  situation  is  ideal. 
However,  if  the  sample  size  needs  to  be  larger,  such  as  in  sampling  in- 
spection, a great  deal  of  "information"  is  lost  by  using  R which  ignores 
all  but  two  extreme  observations.  Under  such  circumstances  it  is  wise  to 
break  up,  if  possible,  the  sample  at  random  into  m small  subgroups  of 
size  n each,  i.  e.  , sample  size  = (m  x n)  and  use,  instead,  the  average 
range 


R R/m  (1) 

i=l 

where  R^  is  the  sample  range  of  the  i**1  subgroup. 

Clearly,  with  fixed  available  resources  when  observing  a sample  of 
size  (m  x n),  if  n chosen  is  small,  m will  be  large  and  the  resultant  R 
would  reflect  a loss  of  inter-subgroup  information  through  massive 
averaging,  although  the  loss  of  intra- subgroup  information  is  kept  a a low 
level.  On  the  other  hand,  if  m is  reduced,  in  order  to  minimize  the  loss 
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through  averaging,  a price  has  to  be  paid  for  larger  n which  results  in 
loss  of  intra-group  information.  An  optimum  n exists,  which  fact  was 
studied  by  Grubbs  and  Weaver  [1]  and  confirmed  by  Cox  [ 2]  and  found  to 
be  7 or  8 for  the  normal  case. 

Under  the  normal  assumption  for  X,  the  distribution  of  R and  its 
moments  can  not  be  expressed  in  closed  form  and  hence  numerical  integra- 
tions are  necessary.  This  resulted  in  the  famous  d^  and  d3~  factors 
widely  used  in  quality  control  charts,  which  are: 

ER  = d^1  an<*  Var  ^ * ({^3cr')^  • (2) 

Here  the  quality  characteristic  X is  assumed  to  be  normally  distributed 
with  population  mean  x1  and  population  variance  ct'2  , i.  e.  , N(X  |x',<t') 
and  N(Y  |0, 1)  for  Y = (X-x')/a'  to  use  the  standard  notations  of  quality 
control.  If  one  defines  the  standard  range  W = Y[n]  - Y [1],  then  W=R/cr‘ 
and  EW  = d2  and  Var  W = (dj)  which  are  given  by  the  following  well- 

known  expressions: 

+oo 

d=EW=  / [1-Fn(y)  - Qn(y)]  dy  and  (3) 

^ -00 

+oo  +oo 

(d.)2=VarW=2  / dy  / 

-oo  -oo 

where 

£ 1 ‘t2/2 

1 - Q(y)  = F(y)  = J e dt. 

-00  Jz  IT 

Tippett  [3]  using  Eq.  (3)  with  Gaussian  quadrature  obtained  d2  for 
n = 2(1)1000  in  5 D.  (5D  means  five  decimal  places.  ) Instead  of  using 
Eq.  (4)  directly,  he  chose  an  approximate  distribution  of  W and  computed 
only  a few  values  for  d3  in  4 D.  Tippett's  values  of  d2  for 


■Fn(y)-Qn(z)  +[  F(y)-F(z) 


dz-(d2P(4) 
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n = 2(1)  500  (10)  1000  in  5D  and  for  n = 2(1)  20  in  4 D can  also  be  found 

inBiometrika  [ 4]  Tables  2J_  and  2£  respectively.  Grubbs  and  Weaver  [1] 

also  tabulated  11  pairs  of  d,  and  d (their  d and  k ) for  n=2(l)  12, 

fa  i n n 

in  4D  and  5D  respectively,  but  some  of  their  values  are  in  error.  In  need 
of  better  accuracy  we  [ 5]  have  recomputed  values  of  d^  and  d^  by  Eqs. 
(3)  and  (4)  above  directly  by  numerical  methods.  We  herewith  present 
these  factors  for  n = 2(1)  50  in  7 D and  8 D in  Appendix  A.  Our  values 
check  favorably  with  computations  calculated  from  Teichroew  [15]  for 
n = 2(1)  20. 

approximation  Patnaik  [6]  approximated  W = R/a1  with 

e x/  Tv~  = c'x  by  equating  the  first  two  moments  of  the  latter  with  the 

former  and  obtained  40  pairs  of  c and  v for  m = 1(1)  5 and  n = 3(1)  10. 

2 

The  density  x can  be  easily  found  from  x -distribution  as 

v - 1 - x^ /? 

X e * /2 

f(x)  = , v>  0,  x > 0 • whose  k moment  is,  (5) 

I"1  v 

22  Ti\) 


k 

Exk  = 22  r (^2^)/  r(v/2)  , which  in  turn  gives,  (6) 

EX  ^rf—j/riv/D  and  (7) 

Var  x = v - 2 T2  / I*2  (v  /2)  , hence  (8) 

E(cX/V7)=  cJJ-  r (^)  / r(v/2)  and  (9) 

Var  (c  x/  77  ) = c2  - E2(c  x/ 77  ) (10) 

On  the  other  hand,  from  Eq.  (2),  we  have. 


E<R/o')=  £lR/<r'*^  EER/‘’’=iLER/<’'=^Zd2  = d2  1111 


I 
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1 <d3CT')2  2 

v(  R/cf ')  = -±-  =d3/m. 


(12) 


Equating  Eqs.  (9)  and  (10)  with  Eqs.  (11)  and  (12)  respectively,  we  obtain 


c2  - d2  = d2/m,  or  c = <yj  d2  + d2/m  and  (13) 

T (^r)  / JT  r (v/2)  = d z/^j  2(d2  + d2/m)  . (14) 

Eq.  (13)  gives  an  explicit  solution  for  c in  terms  of  d^  and  d^  and  v 
can  be  obtained  from  Eq.  (14)  iteratively.  But  Patna ik  [6]  and  later 
Resnikoff  [7],  used  the  Stirling's  large  v formula  for  gamma  function 
and  gave  an  approximate  value  of  v from  solving  the  following  cubic 
equation,  for  a = d^m/d^  , 

v3  = (a/2)  v2  - (a/8)  v + (a/16)  =0  , (15) 


and  then  solve  the  value  of  c afterwards  (Instead  of  solving  c directly 
from  Eq.  (13)).  David  [ 11]  used  Eq.  (13)  for  c but  a similar  scheme  to 
Eq.  (15)  for  v and  presented  54  pairs  of  c and  v for  m = 1(1)  5 and  10, 
n = 2(1)  10  (cf.  Table  30  of  [4]).  Duncan  [ 12]  extended  David's  table  to 
210  pairs  for  m = 1(1)  15  and  n = 2(1)  15.  Duncan  renamed  c by  d^  , since 
as  m -*oo  which  is  evident  from  looking  at  Eq.  (13).  Unfortunately, 
both  David's  and  Duncan's  values  have  only  1 to  2 decimals.  Thomson  [13] 
interpolated  the  T-function  at  close  intervals  and  tabulated  for  n = 2(10) 

10  and  m = 1,  yielding  9 pairs  (See  values  in  brackets  in  Table  1 below) 
of  v and  c which  are  much  better  than  those  obtained  by  Patnaik,  . 
Resnikoff,  David  and  Duncan.  The  facts  remain  that  in  order  to  obtain 
accurate  c and  v from  Eqs.  (13)  and  (14);  better  d^  and  d^  than 


u 
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Tippett's  values  are  necessary  (See  our  values  in  Appendix  A).  Patnaik, 

Resnikoff,  David,  Duncan  and  Thomson  all  used  Tippett's  H and  d values 

^ 3 

[Tables  27  and  20,  Ref.  4]  and  their  results  on  c and  v check  each 
other  only  approximately.  It  is  the  purpose  of  this  report  to  publish  more 
accurate  values  of  c and  v from  our  more  accurate  values  of  d^  and  d^ 
given  by  our  previous  research  (Appendix  A).  Table  1 is  a comparison 
between  Patnaik's  and  our  results  rounded  to  one  more  digit  than  Patnaik 's 
values  indicating  many  poor  Patnaik's  values.  Table  2:  between  Resnikoff's 
and  ours.  . Included  in  Table  2 are  also  values  of  v (center  value)  using 
Eq.  (15)  the  cubic  equation  used  by  Resnikoff  with  Tippett's  values  of  d^ 
and  d^  for  the  coefficients.  For  some  curious  reasons,  they  check  only 
approximately  with  Resnikoff's  original  results.  Since  we  have  an  iterative 
program  for  Eq.  (14),  all  we  need  to  do  here,  is  to  substitute  a subroutine 
of  Eq.  (15)  in  place  of  that  for  Eq.  (L4)  and  proceed  with  the  computation. 
Therefore  we  must  conclude  that  Resnikoff's  values  are  in  error.  From 
these  two  tables,  we  see  that  both  Patnaik's  and  Resnikoff's  tables  need 
some  corrections,  especially  on  values  of  v for  small  n.  Thomson's 
9 pairs  shown  in  Table  1 are  superior  to  Patnaik's.  They  contain  only 
occasional  errors  at  the  4th  decimal. 

y -Approximation  Cox  [3]  approximated  W = R /o'  with  cx  /v  = c'x 

also  by  equating  the  first  two  moments  of  the  latter  with  the  former  ran- 

2 

dom  variables  and  tabulated  the  values  of  2c'(  = 0 d,  Cox's  notation)  and 

2 2 

v for  m = 1 (only)  and  n = 2(1)  10.  Since  Ey  = v and  Var  y = 2v  , values 
of  c and  v are  trivial  to  solve.  Equating  the  two  first  moments,  we  have, 

c (v  )/v  = c = d2  (16) 

Equating  the  two  second  moments,  we  have, 


E:  o in 

"i n 2 o 

2 00  O'  t~ 

00  to  # 

• rn  • m 

m . in  — > 


° ' »n  'O 

^ f it  CO  f ® t WN 

irj-  ao  (s.  oo  cm  J — 

£>3™  s"^ 

.*j*i  . .j -; 


$-£ 
O 00  os 
£•  r-  n- 
^ 


W >Q  _ — i 

to  -r  *r  _ a*  m go  co 

«^2  ^ ~ 

oo  ^ ^ n o'  ^ N no  ® 

<r*  ' . o , . ao  . . 

•p-  ^ ^ 


N 

“*  o*  ~ 
-•  m ^ 
m >i 


Table  2.  Values  of  v and  c for  Resnikoff’s  \ -Approximation  to  W. 


mn 

m 

n 

c 

V 

3 

1 

3 

1.9115+,  1.9117, 

, (1.910) 

1.  9846,  1.9858,  (1.  934) 

4 

1 

4 

2.  2389,  2.  2389, 

(2.  234) 

2.  922,  2.  9315+,  (2.  995) 

5 

1 

5 

2.  4812,  2.  4813. 

(2.  474) 

3.  8265+  3.  8284,  (3.  828) 

7 

1 

7 

2.  8298,  2.  8298, 

(2.  830) 

5.  484  2,  5.  4856,  (5.  499) 

10 

2 

5 

2.  4048,  2.  4048, 

(2.  405) 

7.  4710,  7.  4717,  (7.  474) 

15 

3 

5 

2.  3788,  2.  3788, 

(2.  379) 

11,  1019,  11.  1019,  (11,  106) 

25 

5 

5 

2.3578,  2.  3578, 

(2.  358) 

18.3542,  18.  3536,  (18.355) 

30 

6 

5 

2.3525+,  2.  3535+,  (2.  353) 

21.  9787,  21.  9780,  (21.  986) 

35 

7 

5 

2.3  487,  2.  3487, 

(2.  349) 

25.  6026,  25.6019,  (25.611) 

40 

8 

5 

2.3459,  2.  3459  (2.  346) 

29.2264,  29.2255-,  (29.236) 

50 

10 

5 

2.3419,  2.  3419, 

(2.  342) 

36.4733,  36.  4722,  (36.  486) 

60 

12 

5 

2.  3393,  2.  3393, 

(2.  339) 

43.  7199,  43.  7184,  (43.735) 

85 

17 

5 

2.3354,  2.  3354, 

(2.  335) 

61.  8354,  61.  833,  (61.  856) 

115 

23 

5 

2.  3329.  2.  3329, 

(2.  333) 

83.  5733,  83.  5704,  (83.  601) 

175 

35 

5 

2.  3305+,  2.  3305+,  (2.  331) 

127.0482,  127.  0439,  (127.  091) 

230 

46 

5 

2.  3294,  2.  3294, 

(2.  330) 

166.  8999,  166.  8942,  (166.  958) 

Note: 


Center  column  from  Eq.  (15)*,  values  in  parenthesis  are  Resnikoff's  [7], 
Values  at  left  are  ours  rounded  to  4 decimals. 
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(c/v  )2  (2y  ) = 2c2/v  = 2d2/  v = d2/m 
or 

v = 2m  (d2/d3)2  (17) 

And  hence, 

c'=c/v  = d2/2md2  (18) 

Eqs.  (16)  and  (17)  represent  a very  small  number  of  additional  program 
steps  and  hence  are  easily  incorporated  into  our  computer  program. 

In  a series  of  articles  on  the  cumulative  sum  control  charts  by  Johnson  and 
Leone  [8],  they  heeded  an  approximation  for  the  sample  range  and  included 

a table  of  c'  and  v for  both  Patnaik's  ^-approximation  as  well  as  Cox's 
2 

X -approximation.  Table  3 gives  a comparison  between  values  by  Johnson 
and  Leone  and  the  results  of  our  program  using  our  more  accurate  d^  and 
d^  (Appendix  A).  By  comparison  Johnson  and  Leone's  values  are  uneven 
and  some  with  large  differences  in  the  second  decimal  place  and  therefore 
are  obvious  in  need  of  corrections.  The  most  recent  entry  for  Patnaik's 
c and  v for  m=l(l ) 1 5,  20  , 30  , 50  and  n =2(1)  1 5 can  be  found  from  Nelson 
[ 14].  Unfortunately,  Nelson  only  tabulated  them  (just  like  David's  and 
Duncan's)  in  1 to  2 decimals.  In  Appendix  B,  we  give  our  values  for 
Patnaik's  c and  v and  in  Appendix  C,  we  give  our  values  for  Cox's  2c' 
and  v . 


jroximate  Probability  Integrals  of  W 


Since  the  density  function  as  per  Eq.  (19)  of  the  sample  range  from 
a normal  population  cannot  be  expressed  in  a closed  form  (except  for  n = 2, 
which  is  shown  below),  the  probability  integral,  p { W < W } can  only 
be  evaluated  approximately.  A table  for  this  probability  integral  was 
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2 — 

Table  3.  Values  of  v and  c'  for  \ and  \ - approximation  to  W. 

2 

(Subscript  1 for  Patnaik's  x -approximation  and  2 for  Cox's  x - approximation) 
x- approximation  (Patnaik's)  X 2 -approximation  (Cox's  ) 


n 

ci  = ci/ 

vl 

c 2 = c2^v2 

V 2 

2 

1.  4142 

1.  000 

. 3220 

3.  504 

3 

1.  3569 

1.  985- 

. 2331 

7.  260 

(1.  378) 

(1.93) 

(.  233) 

(7.  27) 

4 

1.  3081 

2.  929 

. 1880 

10.  951 

(1.  302) 

(2.95) 

(.  188) 

(10. 95) 

5 

1.  2684 

3.  827 

. 1605+ 

14.  491 

(1.  268) 

(3.  83) 

(.  160) 

(14.  49) 

6 

1.  2358 

4.  677 

. 1419 

17.  863 

(1.  237) 

(4.  69) 

(.  142) 

(17.  86) 

7 

1.  2084 

5.  484 

. 1284 

21.  069 

(1.  207) 

(5.  50) 

(.  128) 

(21.  08) 

8 

1.  1850+ 

6.  251 

.1180 

24.  122 

(1.  184) 

(6.  26) 

(.  118) 

(24.  11) 

9 

1.  1648 

6.982 

. 1099 

27.  034 

(1.  164) 

(6.  99) 

(.  HO) 

(27. 01) 

10 

1.  1471 

7.  680 

. 1032 

29.  816 

(1.  146) 

(7.69) 

(•  103) 

(29.  82) 

I 


Note: 


Values  in  parenthesis  are  Johnson  and  Leone's  [ 8], 
Values  above  them  are  ours. 
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calculated  by  Pearson  and  Hartley  [9]  and  reproduced  in  [ 4]  as  Table  23 
for  n = 2(1)  20  and  W = 0(0.  5)  7.  25  in  4D.  The  density  function  of  W is, 


+oo 


g (w ) = n(n-  1)  J [ F(w+y)  - F(y)]n"2f(w+y)  f (y)dy 


(19) 


-oo 


where,  under  the  normal  case,  F(y)  is  defined  in  Eq.  (4),  where  n = 2, 


Eq.  (19)  may  be  integrated  into: 

„.2 

g(w)  = 1 


ft 


w 

e”  4 


for  w > 0 


(20) 


which  is  a folded  or  half-normal  density.  Furthermore, 

r rV  - -1  ~y/Z  I 1 

P{W<a}=  / g(w)  dw  = y 2 e dy/2*r(y) 

o 


(21) 


2 . 


which  is  a x -integral  with  one  degree  of  freedom.  In  fact,  the  k 
moment  in  this  case  is, 

00 

k 4 kr 

ttr  a — ? I . . 

V 2 ; 

from  which  one  may  find,  for  n = 2, 


th 


EWk  = — f w e 

SH  o 


2 
w 

k -T 


dw  . 2*r(*±!-)  /f; 


(22) 


d = EW  = 2//T  and  (d  )2  = Var  W = 2-4/n  . 


*2 -/  . v-3/ 

Eq.  (23)  is  interesting  because  it  shows  as  expected  that  for  n = 2, 


(23) 


d2  = 2c2  and  d3  = 2c3  where  c2  = T(n/2)/Vn  r(n/2-l/2)  and 


c 3 = ^ (n-l)/n-c2  are  factor  for  sigma  control  charts  widely  used 


in 


quality  control. 

The  following  are  probability  integrals  using  the  two  approximations 
revisited  by  this  report: 

(a)  Using  Patnaik's  x-approximation,  W = Cj  x / J~  v‘i  = cJx» 
distribution  of  W may  be  found  from  f(x)  given  by  Eq.  (5)  as,  (we  omit 
for  clarity  the  subscripts  for  c and  v ) 


■ ’ - 


i 


v _ i -w2/2c'2 

f(w)  = — , w > 0,  v > 0. 

C'V2V/2‘1r(v/2) 


From  this,  P { W < a } = J f(w)dw  can  be  obtained  by  letting  y =w2/2c'^ 


as  a gamma  integral, 


2 , 
i-c'2 


P{W<a>=  /*  yV/2-1  e-y  dy/r(v/2)=G^-2^_| 

Incidentally,  by  changing  the  variable  of  integration  in  Eq.  (21)  from 
y to  z *y/2,  the  probability  integral  of  w for  n = 2 can  be  seen  as 

G | which  says  that, 


v j = 1,  Cj  sc|  = Jz  for  n = 2 • (26) 

Of  course  Eq.  (25)  checks  exactly  the  entries  shown  in  Table  1. 

2 2 2 
(b)  Using  Cox's  \ -approximation,  W = c^x  Ay  =c2*  • the  distribution 

2 

of  W may  be  found  from  a y -distribution  as. 


wv/2-l  -w/2c' 

f(w)  = —rj , w > 0,  v > 0. 

(2c')V/Zr(v/2) 

By  letting  y = w/2c'  , the  probability  integral  for  W is, 


t/2c ' 

P{W<b}  = f yv/2_1  e-y/r(v/2)=G^-^T  ly-) 


With  a gamma  integral  subroutine,  both  approximate  probability  integrals 
given  by  Eqs.  (25)  and  (28)  may  be  easily  evaluated  by  inputting  our  more 
accurate  values  for  Cj,  v y and  shown  in  Appendices  B ndC. 


r- 
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Pearson  [ 10]  made  a comparison  of  the  above  two  approximate 
probability  integrals  with  those  obtained  by  Table  23  of  [ 4]  which  be 
called  "True  P.I.  Table  4 of  this  report  reproduces  his  results  to- 
gether with  the  output  of  our  program.  The  agreements  are  good  and  very 
few  corrections  are  needed  on  Pearson's  calculations.  Had  we  used 
David's  [ 11]  or  Johnson  and  Leone's  [8]  c and  v for  inputs,  the  results 
will  be  way  off. 

; 

I 


14. 


Table  4.  Probability  Integral  Approximation 


w= 

R k ' 

Tru* 

P L 

n*4 

X -approx. 

2 

X -approx. 

W* 
R/<r  1 

True 

P.  I. 

n*6 

X -approx. 

9 

X -approx. 

.15 

(.0053) 

.00575+, 

, (.0058) 

.00112,  (.0012) 

.75 

(.0050) 

. 00602, 

(.  0060) 

.00182. 

(.  0018) 

. 45 

(.0111) 

.01184, 

(.0119) 

.00358,  (.0036) 

.90 

(.  0117) 

. 01336, 

(.0134) 

. 00584, 

(.  0058) 

.75 

(.0483) 

. 04972, 

(.  0499) 

. 03063,  (.0306) 

I.  25 

(.0495) 

. 05252, 

(.  0526) 

.03813, 

(.  03e3) 

1.00 

(.  1057) 

. 10724, 

(.  1074) 

.08716.  (.0877) 

1.  50 

(.1031) 

. 10600, 

(.  1061) 

. 09250+, 

(.0925) 

1.30 

(.  2054) 

. 20631, 

(.  2065) 

. 19727,  (.  1973) 

1.  80 

(.  2000) 

. 20116, 

(.  2012) 

. 19691, 

(.  1969) 

2.00 

(.  5096) 

. 50786, 

(.5079) 

. 53026,  (.  5303) 

2.  45 

(.  4899) 

. 48572, 

(.  4858) 

. 50457, 

(.5046) 

2.  80 

(.  8045) 

. 80318, 

(.  8031) 

. 81532,  (.  8153) 

3.  25 

(.  8053) 

. 80303, 

(.  8030) 

. 81186, 

(.  8119) 

3.  25 

(.  9016) 

.90144, 

(.  9013) 

.90207,  (.9021) 

3.  85 

(.  8981) 

. 89817. 

(.  8982) 

. 89775+, 

(.  8978) 

3.85 

(.  9516) 

.95207, 

(.9520) 

.94702.  (.9470) 

4.05 

(.9519) 

. 95332, 

(.  9533) 

. 94809. 

(.9481) 

4.  40 

(.9899) 

.99051, 

(.  9904) 

.98487,  (.9849) 

4.75 

(.  9898) 

.99104, 

(.9910) 

. 98616, 

(.  9862) 

4.  70 

(.  9951) 

.99549. 

(.  9955) 

.99111,  (.9911) 

5.05 

(.9952) 

.99605- 

(.  9960) 

. 99249, 

(.  9925) 

We 

R/<T> 

True 

P.L 

n*  10 

X-approx. 

2 

X -approx. 

We 

R /a 

True 

P.I. 

n*15 

X-approx. 

X2-approx. 

1.35 

(.0054) 

.00750- 

, (.  0076) 

.00339,  (.0034) 

1.  80 

(.  0049) 

. 00773, 

(.  0077) 

. 00411, 

(.  0041) 

1.50 

(.0117) 

.01485, 

(.  0149) 

.00847,  (.0085) 

1.95 

(.0108) 

.01506, 

1.0150) 

. 00963, 

(.  0096) 

1.  85 

(.0479) 

. 05300, 

(.  0530) 

.04255-,  (.0425) 

2.  30 

(.0468) 

. 05355-, 

. (.  0535) 

.04512. 

(0451) 

2.  10 

(.  1015) 

. 10604, 

(.  1061) 

.09708,  (.0971) 

2.55 

(.  1026) 

. 10825  -, 

, (.  1083) 

. 10150+, 

, (.  1015) 

2.  40 

(.  2025) 

. 20338, 

(.  2034) 

. 20222,  (.  2022) 

2.  85 

(.  2103) 

. 21051, 

(.  2105) 

. 21087, 

(.  2109) 

3.00 

(.  4878) 

. 47994. 

(.  4800) 

.49544.  (.  4954) 

3.  40 

(.  4885) 

. 47751, 

(.  4775) 

. 49089, 

(.  4909) 

3.75 

(.  8602) 

. 80268. 

(.  8026) 

. 80896,  (.  8089) 

4.  10 

(.  8036) 

. 79906, 

(.  7990) 

. 80426, 

(.  8043) 

4.  15 

(.9038) 

. 90476, 

(.  9047) 

.90305+,  (.9030)* 

4.  45 

(.  8964) 

. 89753, 

(.  8975) 

. 89614, 

(.  8962) 

4.45 

(.9474) 

.94997, 

(.  9500) 

.94528,  (.9453) 

4.  80 

(.  9505) 

.95424, 

(.9543) 

. 94977. 

(.  9498) 

5.  15 

(.  9898) 

.99193, 

(.  9919) 

.98799.  (.9880) 

5.  45 

(.  9900) 

. 99279. 

(.  9928) 

.98950+, 

, (.9895) 

5.  40 

(.  9948) 

. 99623, 

(.  9962) 

.99338,  (.9934) 

5.  70 

(.  9950) 

. 99686. 

(.9968) 

. 99462, 

(.  9946) 

Not*: 

Value*  in 

th*  parentheais  are  Paaraon’a  [ 10)  . Value*  in  front  of  them  are  oura. 
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Appendix  A.  Mean  and  Standard  Deviation  d^  of  the  Standard  Range 

W from  a Normal  Population 


n 

EW=  d2 

Std  W = d3 

n 

EW=  d2 

Std  W = d3 

• 

• 

• 

26 

3.  9643157 

. 70498834 

2 

1. 1283792 

. 85250247 

27 

3. 9965386 

. 70169659 

3 

1 .6925688 

. 88836800 

28 

4.  0274138 

. 69855282 

4 

2.  0587507 

. 87980820 

29 

4.  0570443 

. 69554570 

5 

2.  3259289 

. 86408194 

30 

4.  0855217 

. 69266510 

6 

2.  5344127 

. 84803967 

31 

4.  1129282 

. 68990192 

7 

2.  7043568 

. 83320534 

32 

4.  1393377 

. 68724797 

8 

2.  8472006 

. 81983149 

33 

4.  1648167 

. 68469583 

9 

2.  9700263 

. 80783427 

34 

4.  1894255+ 

.68223881 

10 

3. 0775055- 

. 79705067 

35 

4.  2132189 

. 67987079 

11 

3. 1728727 

. 78731462 

36 

4.  2362466 

. 67758623 

12 

3.  2584553 

. 77847834 

37 

4.2585541 

. 67538004 

13 

3.  3359804 

. 77041620 

38 

4.  2801829 

. 67324760 

14 

3. 4067631 

. 76302310 

39 

4.  3011713 

. 67118462 

15 

3. 4718269 

. 75621143 

40 

4.  3215544 

. 66918720 

16 

3. 5319828 

. 74990809 

41 

4.  3413644 

. 66725172 

17 

3.  5878840 

. 74405178 

42 

4.  3606312 

. 66537485- 

18 

3.  6400638 

. 73859085+ 

43 

4.  3793825+ 

. 66355350+ 

19 

3.  6889630 

. 733481 50- 

44 

4.  3976439 

. 66178482 

20 

3. 7349501 

. 72868635- 

45 

4.  4154391 

. 66006617 

21 

3.  7783358 

. 72417334 

46 

4.  4327903 

. 65839507 

22 

3.  8193846 

. 71991481 

47 

4.  4497181 

. 65676923 

23 

3.  8583234 

. 71588674 

48 

4.  4662418 

. 65518651 

24 

3. 8953481 

. 71206818 

49 

4.  4823792 

.65364492 

25 

3. 9306292 

. 70844077 

50 

4.  4981473 

. 65214259 

APPENDIX  B PATNAIK*  S CHI  APPROXIMATION 


24  _ 1.52007370  01  3 .95989510.00 3.0169837JD  O1 3.92775420  00 4.51 349150. 01  3 .91698180  00 

25  1.56297650  01  3.99396180  00  3.1027394D  01  3.96242180  00  4.64211090  01  3.95185260  00 

26  1.60487490  01  4.0265128D  00  3.18649010  01  3.99553510  00  4.76772390  01  3.98515570  00 


40298950  01  4.54517510  00  4.78214500  01  4.52172220  00  7.16104360  01  4.5138 


APPENDIX  B PATNAIK'S  CHI  APPROX IMAT ION 
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